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Density from projecting DM sheets
- mass is smoothly distributed between DM particles (tetrahedra)	

- density is defined at every point
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FIG. 1: Two-dimensional illustration of the difference in representing density fields by using particles (left column) and
tessellations (right column). The top panels exhibit Lagrangian space where the density is uniform while the bottom panels
display the system at a nonlinear stage of the evolution. The nodes of the triangulation in the right panel are at the positions
of the particles in the left panel. The density field can be derived from the particle/node coordinates.

shown in the top right panel of Fig. 1. The motion of the
particles/nodes results in the displacement of the trian-
gles along with their deformation (bottom right panel).
The bottom panels demonstrate the similarities as well as
the main differences of the two approaches. The generic
disadvantage of the CIC representation is related to two
problems. First, structures smaller than the ‘particle
size’ are filtered, and entirely empty regions can be pro-

duced that are unphysical in the context of dark mat-
ter dominated cosmological models. Adaptive gridding
schemes can help alleviate these problems but do not
completely eliminate them. In addition, they typically
involve one or more free parameters. For our purposes,
a tessellation approach is therefore more natural.

Now we turn to the case of 3-D space. As in the case
of two dimensions, we start with a cubic mesh in La-

3

FIG. 1: Two-dimensional illustration of the difference in representing density fields by using particles (left column) and
tessellations (right column). The top panels exhibit Lagrangian space where the density is uniform while the bottom panels
display the system at a nonlinear stage of the evolution. The nodes of the triangulation in the right panel are at the positions
of the particles in the left panel. The density field can be derived from the particle/node coordinates.

shown in the top right panel of Fig. 1. The motion of the
particles/nodes results in the displacement of the trian-
gles along with their deformation (bottom right panel).
The bottom panels demonstrate the similarities as well as
the main differences of the two approaches. The generic
disadvantage of the CIC representation is related to two
problems. First, structures smaller than the ‘particle
size’ are filtered, and entirely empty regions can be pro-

duced that are unphysical in the context of dark mat-
ter dominated cosmological models. Adaptive gridding
schemes can help alleviate these problems but do not
completely eliminate them. In addition, they typically
involve one or more free parameters. For our purposes,
a tessellation approach is therefore more natural.

Now we turn to the case of 3-D space. As in the case
of two dimensions, we start with a cubic mesh in La-
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New density estimator

Tracing the dark matter sheet 9

Figure 8. A rendering of the projected dark matter density in the 2563 run using our density estimator and our custom GPU based renderer.

Figure 9. Comparison of the visual appearance of renderings of the dark matter density in the 2563 run using our new density estimator
with a simpler density estimate based on the log of the number of dark matter particles falling within given image pixels. While many of the

well sampled regions are clearly apparent in both, the detailed structure of filaments, sheets and how they connect to voids becomes only

apparent in our new approach shown on the right.

c� 2011 RAS, MNRAS 000, 1–17

Abel, Hahn & Kaehler (2012)
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Density on regular grid
Phase Sheet Intersector (PSI)	

Powell & Abel 2014

2563 particles, 1283 grid 2563 particles, 2563 grid 



Watershed algorithm

watershed basins



Voids from watershed basins
- removing boundaries (Platen et al 2007)	

- no hierarchy	

- parametric

- multiscale morphology filter (Aragon-Calvo et al 2007)	

- hierarchical network	

- parametric

- grouping basins into voids (Neyrinck 2008)	

- hierarchical network	

- non-parametric



Grouping watershed basins (ZOBOV)

void

subvoid

- minima of all basins are higher than the central basin	

- saddle points inside in voids lower than saddle points at the boundaries	

- non-parametric, but it a common practice to use a density threshold 

defining a minimum density barrer 



Void hierarchy
Figure 2: An example of a watershed void in vide. The Voronoi cells
that define the void are in purple with galaxies in red. We show a
void with e↵ective radius 20 h�1Mpc within a 50 h�1Mpc spherical
region. Galaxy point sizes are proportional to their distance from
the point of view. Galaxies interior to the void are shaded dark red.
Reproduced from Sutter et al. (2012b).

In this picture, a void is simply a depression in the den-
sity field: voids are aspherical aggregations of Voronoi cells
that share a common low-density basin and are bounded
by a common set of higher-density walls, as demonstrated
by Figure 2, which shows a typical 20 h

�1Mpc void identi-
fied in the SDSS DR7 galaxy survey (Sutter et al. 2012b).
This also means that voids may have any mean density,
since the watershed includes in the void definition all wall
particles all the way up to the very highest-density sepa-
rating ridgeline.

We may construct a nested hierarchy of voids (Lavaux
and Wandelt 2012; Bos et al. 2012) using the topologically-
identified watershed basins and ridgelines. We begin by
identifying the initial zones as the deepest voids, and as
we progressively merge voids across ridgelines we establish
super-voids. There is no unique definition of a void hier-
archy, and we take the semantics of Lavaux and Wandelt
(2012): a parent void contains all the zones of a sub-void
plus at least one more. All voids have only one parent but
potentially many children, and the children of a parent
occupy distinct subvolumes separated by low-lying ridge-
lines. There are also childless “field” voids. Figure 3 shows
a cartoon of this void hierarchy construction. Without the
application of the 0.2n̄ density cut discussed above, zobov
would identify a single super-void spanning the entire vol-
ume, and thus there would be a single hierarchical tree.
However, with the cut applied there are multiple top-level
voids.
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Figure 3: A cartoon of the assembly of the void hierarchy. The
top panel shows ridgelines with line thickness proportional to den-
sity. The bottom panel shows the tree derived from such a collec-
tion of voids, with the tree level of each void indicated. Reproduced
from Sutter et al. (2014b).
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Example
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non-parametric (no density threshold)

comparison:	

- density estimator	

- grid resolution	

- mass resolution



Watershed, grouping, matching

snapshot zi+1

snapshot zi

snapshot zi-1

watershed+grouping

watershed+grouping

watershed+grouping

matching

matching

progenitors



Example

Rv=(8-14)Mpc/h at z=0



Resolution test
2563 particles, 2563 grid resimulation with 5123 particles	


downsampled to 2563, 2563 grid

Grouping basins into voids by minima and saddle points is 
sensitive to how the critical points are ordered (changed by small-
scale modes).



Conditional watershed instead of matching

every minimum at zi inherits a label of the corresponding basin from zi>zi+1

den
sity

(zi)

den
sity

(zi+1)

- keeps the same number of basins	

- enables to keep the same grouping of basins into voids	

- keeps the same hierarchical relations



Conditional watershed with fixed grouping

snapshot z0

snapshot z1

snapshot z2

watershed+grouping

 watershed

watershed

progenitors



Conditional watershed: example

Rv=(8-14)Mpc/h at z=0



Evolution of Rv
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Growth dlnRv/dlna
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- grouping only at z=0	

- non-parametric

- independent grouping at every z	

- density thresholdThe life and death of cosmic voids 7

Figure 5. Distribution of a = 1 void sizes as a function of their
formation scale factor a

f

. The black line is the median in bins
of width �a

f

= 0.05, the dark bands are the inner 68% of the
binned distribution, and light grey bands are the bin extrema.

Figure 7. Average number of progenitors as a function of scale
factor for voids at a = 1.0. We calculate this quantity by count-
ing the total number of progenitors for all present-day voids and
dividing by the number of present-day voids. Hence, this quantity
becomes less than one as the lines of descent for individual voids
end.

is small in terms of volume, it can impact the instantaneous
growth rate from one snapshot to another.

The small- and medium-scale voids show remarkably
steady growth histories, with very few strong deviations.
Even though some of these voids do merge, they tend to
just absorb their subvoids, so the overall volume gained is
small. Interestingly, there is a population of collapsing voids:
these are the voids located in overall overdense regions. This
is the “void-in-cloud” phenomenon of Sheth & van de Wey-
gaert (2004). Even though there are a few small voids with

Figure 8. Growth rate as a function of scale factor for each void
surviving at a = 1.0. Individual lines are colored by void size,
from the smallest (blue) to largest (red). The radii listed are the
final a = 1.0 size.

discontinuous merger histories, almost all the small voids are
either gently expanding or contracting.

We break down the growth rates into secular and merg-
ing components, as we show in Figure 9. We define the sec-
ular growth rate as the growth rate of voids which did not
experience a merger in that timestep. If instead that void
did merge with another, its growth from snapshot to snap-
shot is calculated in the average merger growth rate. Here
we plot the mean growth rate over all voids as a function of
scale factor. We also separate voids into their level in the hi-
erarchy so that we may examine the nature of larger parent
voids and their subvoids separately.

First we notice that the merger growth rate far out-
weighs the secular growth rate by an order of magnitude;
voids gain volume typically not by growth of the underlying
volume but by merging (when it does occur) with adjacent
voids. The fractional merger growth rate is much larger for
subvoids deep in the hierarchy than it is for voids higher in
the tree. Thus, even though a small fraction of larger voids
experience occasional large jumps in their volume, averaged
over the entire cohort of voids in that tree level it is entirely
insubstantial. We see for voids deep in the hierarchy (that
is, subvoids) a peak in the merger growth rate at scale fac-
tor 0.3, which is the epoch with the highest formation rate
where voids experience a rapid restructuring as the hierar-
chy forms.

Comparatively, the secular growth rate is very small
and contributes little to the overall growth of voids. Here
we see the opposite trend as for the merger-based growth
rate: the voids highest in the tree hierarchy have the highest
rates, since they are not surrounded by overdense shells that
would restrict their growth. Again we see a collapsing void
population. Indeed, they have been collapsing since a = 0.3,
when the top-level voids first formed.

c� 0000 RAS, MNRAS 000, 000–000

Sutter et al 2014



Evolution of density profiles
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A hierarchy of voids 521

Figure 3. Spherical model for the evolution of voids. Left: A pure (uncompensated) top-hat void evolving up to the epoch of shell crossing. Initial (linearly
extrapolated) density deficit was !lin,0 = −10.0, initial (comoving) radius R̃i,0 = 5.0 h−1 Mpc. Time-steps: a = 0.05, 0.1, 0.2 and 0.3. Right: A void with an
angular averaged SCDM profile (BBKS, equation 7.10). Initial density deficit and characteristic radius are the same as for the top-hat void (left). The tendency
of this void to evolve into a top-hat configuration by the time of shell crossing is clear. Shell crossing, and the formation of an obvious ridge, happens only if
the initial profile is sufficiently steep.

resemble an underdense universe, structure formation within it gets
frozen-in.

(vii) Boundary ridge: As matter from the interior accumulates
near the boundary, a ridge develops around the void.

(viii) Shell crossing: The transition from a quasi-linear towards
a mature non-linear stage occurs as inner shells pass across outer
shells.

Fig. 3 illustrates these features. Both panels show the time evo-
lution of the density deficit profile. Consider the panel on the left,
which illustrates the development of an initial (uncompensated) top-
hat depression (a ‘top-hat’ void). The initial (linear) density deficit of
the top-hat was set to !lin,0 = −10, and its (comoving) initial radius
was R̃i,0 = 5 h−1 Mpc. The evolving density profile bears out the
characteristic tendency of voids to expand, with mass streaming out
from the interior, and hence for the density to decrease continuously
in value (and approach emptiness, δ = −1.0). Initially underdense
regions are just expanding faster than the background and will never
collapse (in an # ! 1 universe). Notice that this model provides the
most straightforward illustration of the formation of a ridge. Despite
the absence of any such feature initially, the void clearly builds up
a dense and compact bounding ‘wall’.

For comparison with the top-hat void configuration on the left,
the panel on the right of Fig. 3 depicts the evolution of a void
whose initial configuration is more representative of cosmologi-
cal circumstances. Here, the initial profile is the radially averaged
density profile for a trough in a Gaussian random field of cold dark
matter density fluctuations. The analytical expression for this profile
was worked out by Bardeen et al. (1986, hereafter BBKS) (equa-
tion 7.10), and the one example we show here concerns the radial
profile for a density dip with average steepness, i.e. ≡−⟨∇2 f ⟩/σ 2 =
−1. The same qualitative aspects of void evolution can be recog-
nized as in the case of a pure top-hat void: the void expands, emp-
ties (to a near-empty configuration ! = −1 at the centre), and
also develops a ridge at its boundary. Notice that the void profile
evolves into a configuration which increasingly resembles that of a

‘top-hat’ void. We will make use of this generic evolution in what
follows.

Looking from the inside out, one sees the interior shells expand-
ing outwards more rapidly than the outer shells. With a minimum
density near the void’s centre, and density that increases gradu-
ally as one moves outwards, the density deficit |!(r )| of the void
decreases as a function of radius r. The outward-directed pecu-
liar acceleration is directly proportional to the integrated density
deficit !(r, t) and therefore decreases with radius: inner shells are
propelled outwards at a higher rate, so that the interior layers of
the void move outwards more rapidly. The inner matter starts to
catch up with the outer shells, leading to a steepening of the den-
sity profile in the outer realms. Meanwhile, over a growing area
of the void interior, the density distribution is rapidly flattening.
This is a direct consequence of the outward expansion of the in-
ner void layers: the ‘flat’ part of the density distribution in the
immediate vicinity of the dip gets ‘inflated’ along with the void
expansion.

The features summarized above, which are seen in the idealized
setting of initially smooth spherically symmetric voids, are also seen
in more generic, less symmetric cosmological circumstances, when
substructure is also present. Fig. 2 provides one illustration of the
evolution of more realistic and complex underdensities. N-body sim-
ulation studies of objects like this one have concluded that the top-hat
spherical model represents a remarkably successful description of
reality (e.g. Dubinski et al. 1993; van de Weygaert & Van Kampen
1993). The evolution towards a spherical top-hat, whatever the ini-
tial configuration, is in stark contrast to how overdensities evolve.
As a generic overdensity collapses, it contracts along a sequence of
increasingly anisotropic configurations. Contraction leads to a ‘de-
flation’ and accompanying steepening of density gradients, while
the infall of surrounding structures marks a decreasing domain over
which the neglect of substructure is realistic.

In summary, it is apparent not only that the top-hat spherical model
provides a rather useful model for the evolution of isolated voids, but
also that it develops into an increasingly accurate representation of

C⃝ 2004 RAS, MNRAS 350, 517–538

Sheth & van de Weygaert (2004)
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Conclusions
1. Grouping watershed basins into voids by minima and saddle 

points is subject to numerical noise. It leads to artificial 
instantaneous reconfigurations of individual voids in the course 
of their evolution.	


2. Tracing evolution of voids defined as sets of watershed basins 
requires a.) keeping the same grouping of watershed basins into 
voids at all redshifts b.) employing conditional watershed.	


3. Voids undergo a mild evolution in terms of size.	

4. Evolution of the density profiles defined by iso-density contours 

resembles remarkably well an analytical model of a spherical 
void (development of a bucket-like shape).


